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Abstract
Difficulties with finding the general exact solutions to the Wheeler-DeWitt equation, i.e. the
wave functions of the Universe, are known and well documented. However, the present paper
draws attention to a completely different matter, which is rarely if ever discussed in relation to
this equation, namely, the time complexity of the Wheeler-DeWitt equation, that is, the time
required to exactly solve the equation for a given universe. As it is shown in the paper, whatever
generic exact algorithm is used to solve the equation, most likely such an algorithm cannot be
faster than brute force, which makes the wave functions of the Universe infeasible.
Keywords: Quantum gravity, Wheeler-DeWitt equation, Wave functions of the Universe, Time
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1 Introduction
Even with the complete lack of observational and experimental evidence that clearly contradicts to
either Einstein’s theory of general relativity (GR) or quantum mechanics (QM) and, as a result,
with no compelling reason to adopt another theory, the aim of describing the quantum behavior of
the gravitational field – called a quantum theory of gravity – is regarded as one of the biggest tasks
of the modern physics. This is probably so because it is widely believed that interplay between GR
and QM cannot be avoided if we want to understand how the Universe works [1, 2].
In the literature, one can find a number of different types of logic rationalizing the necessity of
reconciling the laws of QM with GR (see, for example, papers [3, 4] that catalog most of them).
Yet, the simplest (and perhaps the most convincing) reason behind the need for quantization of the
gravitational field is the quantum superposition principle resulting from the property of linearity of
the solutions to the Schro¨dinger equation – the central equation of QM. Certainly, if Schro¨dinger’s
equation – established and empirically confirmed for systems made up of a small number of mi-
croscopic constituent particles N – continues to be valid even for systems containing a number of
those particles as large as (or even larger than) Avogadro’s number NA ≈ 10
24, then the quantum
superposition principle should be applicable to general states of macroscopic systems and, conse-
quently, to the gravitational field produced by macroscopic systems.
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Theoretically however, it is quite conceivable that due to certain additional nonlinear stochastic
terms present in the Schro¨dinger equation, the linear nature of QM breaks down in situations
where microscopic systems grow into macroscopic ones (i.e., where the number N grows large) and
thus the gravitational field that these systems produce becomes distinguishable; see, for example,
papers [5, 6, 7, 8] that discuss in detail this approach called objective collapse theories or the Dy-
namical Reduction Program (DRP). However, no empirical hint for such a drastic modification of
Schro¨dinger’s equation exists so far. Moreover, a modification of Schro¨dinger’s equation such as
this involves phenomenological parameters, which, if the whole DRP is taken seriously, acquire the
status of new constants of nature. Therefore, from a pragmatic point of view, it is hard to accept
that in order to avoid one theoretical construct, a quantum theory of gravity, we have to agree to
another, the DPR.
Withal, from a point of view of computational complexity theory, the stretch of the applicability
of the quantum superposition principle far beyond its established microscopic scale is equivalent to
the assumption of Schro¨dinger’s equation scalability on N – that is, the assertion that Schro¨dinger’s
equation is solvable in a suitably efficient and practical way even when it is applied to an arbitrary
physical system with large N .
Truly, assume the opposite: Schro¨dinger’s equation is not scalable on N and hence there is no
practical possibility to solve this equation for an arbitrary system with large N in any reasonable
amount of time. In such circumstances, Schro¨dinger’s equation would not be able to actually de-
scribe how states of macroscopic systems (possessing N & 1024 microscopic constituent particles)
would change with time. So, in that case, QM as a physical theory would not have the ability to
predict for macroscopic systems and, for this reason, the quantum superposition principle could
not be practically applicable to the description of states of macroscopic systems.
Thus, if held true, scalability on N of the Schro¨dinger equation would necessitate the relevance
of QM to the description of any macroscopic system including the entire Universe and therefore
would lead with necessity to the quantization of the gravitational field. This would imply that it
would be possible (albeit in principle) to find the wave functions describing the Universe – i.e., the
general exact solutions to the quantum gravitational analogue of the Schro¨dinger equation (such
as the Wheeler-DeWitt equation) – in a reasonable amount time. The aim of the present paper is
to evaluate such a claim.
2 Quantum model of the Universe
For that purpose, let us examine a customary quantum model of the Universe. Following the
accepted quantum cosmological doctrine, the quantum state of the Universe is described by a
wave function Ψ[hab, φ] (called “the wave function of the Universe”), which is a functional on the
three-metric hab (i.e., metric on the hypersurface) and on the values of nongravitational fields
symbolically denoted by φ [9, 10]. The wave function of the Universe Ψ[hab, φ] obeys the Wheeler-
DeWitt (WDW) second-order functional differential equation
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HΨ[hab, φ] = 0 , (1)
where H stands for the Hamiltonian operator of the Universe (a first class constraint on the Uni-
verse physical states) that involves functional derivatives with respect to the metric components hab
and the Hamiltonian density Hm for nongravitational fields φ. The WDW equation basically says
that the operator H acts on the wave functional Ψ[hab, φ], which provides all of the information
about the geometry and matter content of the Universe.
For the most part, difficulties with finding the WDW general exact solutions (essential because
implications for the meaning of the wave functions of the Universe must be derived from the exact
solutions to the WDW equation) are known and well documented (see, for example, the paper [11],
which in detail reviews such difficulties). Here, however, we want to draw attention to a completely
different matter, which is rarely if ever discussed in relation to the WDW equation – the time
complexity of this equation, i.e., the time (or the number of elementary operations) required to
exactly solve this equation for a given universe.
3 Time complexity of the Wheeler-DeWitt equation
Obviously, the amount of time needed to exactly solve the WDW equation is subject to an algo-
rithm used for solving the equation. So therefore, let us figure out how fast such an algorithm
might be in principle.
Assume that A(Ψ[hab, φ]) is the generic exact algorithm capable of finding the set of the general
exact solutions Ψ[hab, φ] to the WDW equation with an arbitrary Hamiltonian constraint H (i.e.,
for an arbitrary physical universe with any geometry and any matter content). If this algorithm
A(Ψ[hab, φ]) were to exist, it would be also capable of exactly solving the Schro¨dinger equation for
an arbitrary matter source. Let us show this.
Consider the ansatz
Ψ[hab, φ] ≡ exp
(
i
~
S[hab, φ]
)
= exp
(
i
~
(
MS0 + S1 +M
−1S2 + . . .
))
, (2)
where M = (32piG)−1c2 is the parameter, with respect to which the semiclassical expansion is
performed in (2). Now suppose that the Hamiltonian constraint H is such that the wave function
of the Universe Ψ[hab, φ] is of the special form
Ψ[hab, φ] =
1
D[hab]
exp
(
i
~
MS0[hab]
)
ψ[hab, φ] , (3)
where ψ[hab, φ] is the wave functional at the order M
0 in the expansion (2)
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ψ[hab, φ] = D[hab] exp
(
i
~
S1[φ]
)
. (4)
Inserting (3) into the WDW equation we find that ψ[hab, φ] obeys the functional Schro¨dinger equa-
tion in its local form for quantum fields propagating on the classical spacetimes described by S0[hab]:
i~
δψ[hab, φ]
δτ
= Hmψ[hab, φ] , (5)
where τ is the time functional (defined on the configuration space) generating the time parameter
t in each classical spacetime (see [12] for a review of the semiclassical approximation to quantum
gravity in the canonical framework).
Unlike the Schro¨dinger equation for aN -particle system, where a wave function ψ(φ) evolves against
a classical background potential U(φ), the functional equation (5) is a “second-quantized” equation,
therefore its eigenstate ψ[hab, φ] is a wave functional on the configuration space, whose points are
field configurations. Nevertheless, in the non-relativistic limit and for the negligible gravitational
field (c = ∞ and G = 0), the field Hamiltonian Hm will take the form of an expression for the
expectation value of the N -particle system’s energy, with ψ[hab, φ] playing the role of the wave
function ψ(φ) of the system. It follows, then, that in the limits c = ∞ and G = 0, by finding
the solution Ψ[hab, φ] to the WDW equation, the generic algorithm A(Ψ[hab, φ]) yields the solution
ψ(φ) to the Schro¨dinger equation as well.
When evaluating the difficulty of a particular Hamiltonian, the amount of computation (measured
as the time or the number of elementary operations required to verify the energy of the ground state
of the given N -particle system) defines the complexity of the Hamiltonian. If for the given system
the ground state energy can be verified in the time polynomial in N , then the system’s Hamiltonian
is in the NP complexity class (i.e., in the class of computational problems whose solutions can be
verified in polynomial time). If a particular Hamiltonian has enough flexibility to encode any other
problem in the NP class, then the Hamiltonian is considered NP-complete.
Take, for example, the Ising Hamiltonian function H(σ1,. . ., σj ,. . ., σN) describing the energy of con-
figuration of a set of N spins σj~ = 2φj ∈ {−~,+~} in classical Ising models of a spin glass:
H(σ1, . . . , σj , . . . , σN) = −
∑
j<k
Ajkσjσk −B
N∑
j
Cjσj (Ajk, B,Cj = const) . (6)
Considering that all problems in the NP class can be mapped to the Schro¨dinger equation with the
quantum version of the Ising Hamiltonian H(σ1,. . ., σj ,. . ., σN), in which spins σj have been merely
replaced by quantum operators, Pauli spin-1/2 matrices σzj ,
H(σz1 , . . . , σ
z
j , . . . , σ
z
N)ψ(φ) = 0 , (7)
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the Hamiltonian H(σz
1
, . . . , σzj , . . . , σ
z
N) is NP-complete (see paper [13], which provides Ising for-
mulations for many NP-complete and NP-hard problems, including all of Karp’s 21 NP-complete
problems, for details).
In this way, we can conclude that as long as the generic algorithm A(Ψ[hab, φ]) can solve the
Schro¨dinger equation recovered, in the weak field approximation, from the WDW equation, this
algorithm can resolve any NP-complete problem.
On the other hand, every NP-complete problem can be exactly solved by brute force, that is, by
the generic and exact algorithm of enumerating and checking all possible candidate solutions to
the problem. Obviously, brute force is not efficient: For example, deciding whether there is a spin
configuration φ = (φ1, . . . , φj , . . . , φN) of a spin glass with zero energy by exhaustively checking all
possible spin configurations may well require O∗(2N ) elementary operations (where the O∗ notation
is used that suppresses all factors polynomial in N).
Consequently, the question becomes, is it possible that the generic exact algorithm A(Ψ[hab, φ])
can be significantly faster than brute force? The short answer is no, according to what now seems
true, it is not possible.
Indeed, assume that the algorithm A(Ψ[hab, φ]) is a sub-exponential time algorithm (i.e., faster than
brute force). It follows then A(Ψ[hab, φ]) can solve any NP-complete problem in sub-exponential
time. This means that many computational problems known to be solved in exponential time
O∗(2N ) can be improved to O∗(cN ) with some c < 2. However, such an improvement would be
highly surprising since it would refute the Strong Exponential Time Hypothesis (SETH) – the con-
jecture based on evidence that the low bond O∗(2N ) matches the running time of the best possible
algorithms for many computational problems (see [14, 15] for the survey of results obtained in the
field of exact exponential time algorithms under the assumption of the SETH).
Therefore, almost certainly no generic algorithm for finding the general exact solutions to the
WDW equation can be significantly faster than brute force. So, it is extremely probable that the
wave functions of the Universe are infeasible, i.e., they cannot be calculated in any reasonable time.
4 Concluding remarks
Let us dwell for a moment on this conclusion trying to think about what it means.
Does it mean that even if we manage to overcome all the difficulties arise in merging QM with GR
and finally build a definitive self-consistent theory of quantum gravity, we will know nothing more
about the Universe, gravitating bodies, the motion of planets and stars than before having this
theory since it will not be able to make practically meaningful predictions?
Paradoxically, the answer should be yes (the only way to dodge such an answer would be equality
of the NP class to the P class of computational problems solvable in polynomial time; yet, this
5
equality is prevalently believed to be not true).
One can make an objection here that even though we cannot exactly solve differential equations
such as the Schro¨dinger equation except for some simple cases, it still does not mean that those
equations should be stripped of any physical significance. There are many well-defined approxima-
tion schemes (such as the Born-Oppenheimer approximation) from which one can derive concrete,
experimentally testable, results. So, why this should be different for the WDW equation?
Certainly, it is true that many features of quantum cosmology can be discussed using the approx-
imate solution of the WDW equation (i.e., in the limit when this solution assumes a semiclassical
or WKB form). It has been even suggested that the wave function of the universe should be
interpreted only in the WKB limit, because only then a time parameter and an approximate (func-
tional) Schro¨dinger equation is available (see for example paper [16]). However, as it was observed
in [4], implications for the meaning of the quantum cosmological wave functions should be derived
as much as possible from exact solutions to the WDW equation, otherwise such implications can
lead to a conceptual confusion. This is because the WKB approximation breaks down in many
interesting situations, even for a universe of macroscopic size. One example is a closed Friedmann
universe with a massive scalar field [17], and one more example is the case of classically chaotic
cosmologies (see [18] and [19] for detail).
Another objection may raise that if we followed the presented in the paper ’computational’ ar-
gumentation, we would not be able to understand the success of quantum theory. There, we use
functional differential equations or, alternatively, path integrals. These equations are in general
not exactly soluble, but we can derive from them physically meaningful results. Again, why the
situation with the WDW equation should be different?
Since quantum mechanics was introduced, its most insight has been gained from understanding the
exact (or quasi-exact) solutions to the Schro¨dinger equation. Such solutions are very important
because they convey maximum information of a system. Besides, these solutions are valuable tools
in checking and improving models and numerical methods being introduced for solving complicated
physical problems. From computational complexity perspective, those solutions were possible to
find in reasonable time because of either small inputs of the problems (such as in the cases of phys-
ical systems composed of a few constituent particles completely isolated from the environment) or
the presence of system-specific heuristics that could be used to drastically reduce the complexity
of the system’s Schro¨dinger Hamiltonian (i.e., the cardinality of the set of all possible candidates
for the witness of the given system).
For example, suppose a macroscopic system can be formally divided into a ’collective’ system repre-
sented by a small set of the system’s macroscopic observables (along with their conjugate partners)
correspond to properties of the macroscopic system as a whole and the environment, which is the
set of the system’s observables other than the ‘collective’ ones. Since the microscopic degrees of
freedom of an ordinary macroscopic system are uncontrolled for the most part, one cannot hope to
keep track of all the degrees of freedom of the environment. This may be used as a heuristic allow-
ing an enormous set of all possible candidate solutions for the macroscopic system to be reduced
to just a small set comprising only candidate solutions for the ‘collective’ system. Upon applying
this heuristic by way of “tracing out” the uncontrolled degrees of freedom of the environment and
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assuming that the environmental quantum states are orthogonal, one would get an inexact yet
practicable solution to Schro¨dinger’s equation approximately identical to the corresponding mixed-
state density matrix of the ‘collective’ system describing the possible outcomes of the macroscopic
observables of the macroscopic system and their probability distribution. As one can readily see,
the above-described heuristic represents the decoherence process that transforms a pure quantum
state into a mixed state.
However, the question is what can be considered as ’background (environmental) variables’ for the
WDW equation. Except the cases where a modeled system can be treated as an open system or
where the irrelevant (or negligible) degrees of freedom may include tiny gravitational waves and
density fluctuations, there is no clear and general answer to this question.
The conclusion about infeasibility of the wave functions of the Universe can also challenge the
meaning of a solution to a differential equation of a physical theory. Usually getting a solution
means the ability to predict, that is, to calculate the value of the physical system’s quantity. On
the other hand, if solutions to the WDW equation are infeasible, they would be practically useless
(they cannot be used to calculate values of the Universe) and accordingly they can add nothing to
our understanding about how the Universe works.
Therefore, does this imply that unfeasible, i.e., practically useless, solutions to differential equations
of physical theories should be defined as unphysical and thus excluded from consideration?
Clearly, this is a very difficult question disturbing the fundamentals of physical science. However,
without a comprehensive answer to that question the further progress in quantum gravity, in all
likelihood, seems impossible.
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